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properties in powers of Ii is a useful way to investigate the onset of classical behavior. 
A variational approach developed by Bernardes II is ideally suited for this investi
gation. A description of that theory is given in Section 2. 

2. THEORY 

The wave equation for a system of N interacting particles can be written in 
the form 

[ -Jc2I Vf + He) l: V(Xij)]1/I = (E/e)1/I 
I I,) 

where xij = 'ij/a, a dimensionless length. The potential is 

V(x) = 4e[x- 12 - x - 6 ] 

(2) 

(3) 

andJc2 = (1i2/2mea2),m being the particle mass. For 2 H2 ,e = 37 Kanda = 2.93 AY 
The variational wave function is 

N 

1/1('1'"'' rN) = TI <jJ('i - R) 
i= I 

For simplicity <jJ(x) is chosen to be of the form 

<jJ(x) = (n/2a3 )1 /2[(sin Inax/ai)/(lnax/ai)] 

<jJ(x) = 0 x > a/a 

x ~ a/a 

(4) 

(5) 

(6) 

where a is a variational parameter to be determined. These conditions are just a 
statement of the Heitler-London method, where each wave function is localized 
about its lattice site and is not allowed to overlap with wa ve functions of neighbor
ing sites. Such an approximation is consistent with our original statement of the 
problem. 

Using Eqs. (4H6), the expectation value of the Hamiltonian per particle 
becomes, in dimensionless units, 

ao 

E = (H/Ne) = Est + Jc 2a- 2 + L a2n
An (7) 

,, = 1 

where a == a/na. For a close-packed lattice, the static intermolecular energy Est is 

(8) 

where C6 and C 12 are lattice summation constants 13 and V is the volume in units 
ofNa 3

. 

Al = 102 [5.9V- 14/ 3 - 2.84V - S/ 3] 

A2 = l03[36.7V- 16/3 - 5.23V- 10/3] 

A3 = l04[184V- 6 - 9.8V- 4 ] 



714 R. D. Etters, J. C. Raich, and Prakash Chand 

Following Bernardes,ll we truncate the series in Eq. (7) after the n = 3 term and 
minimize E with respect to a2

. Similariy, the pressure is determined from the 
expression P = -aE/aV. At high pressures, it is sufficient to keep terms only to 
order h in the expressions for E and P. In this case only the n = 1 term is kept in 
Eq. (7). The energy and pressure then become 

E(V) = Es,(V) + 2AA 1(V ) 

P(V) = 2[C 12V- 5 - C6 V- 3] + 114AV- 10/3f(V) 

(9) 

(10) 

where f(V) = (1 - 0.27V2)/(1 - 0.48V2)1/2. In Eq. (9) Est can be interpreted as 
the classical contribution to the energy, and the second term is, to first order in h, 
the zero-point energy. It is Eqs. (9) and (10) which are particularly useful in studying 
the onset of classical behavior at high pressures. 

3. RESULTS 

Figure 1 shows the pressure- volume relation for close-packed solid H2 at 
OK, from 22.65 to 11 cm3/mole. The solid line represents our calculation obtained 
by taking the volume derivative of Eq. (7), truncated after n = 3. Higher order 
terms were found to be negligible, except at the lowest pressures where the theory 
is not expected to be very accurate. The calculations are compared with other 
theories mentioned eariier4

,7, 9 and with the experimental results of Stewart.6 

Our results coincide with those ofK W4 and others 7 , 9 for volumes V <: 17 cm 3/ mole, 
but not with experimental data. It is interesting to note that our results agree 
surprisingly well with experiment in the regime V > 17 cm 3/ mole. The extension 
of the calculations to very high pressures (- 2 X 106 atm) is shown in Fig. 2. 
For comparison, results obtained from a Domb-Salter approximate calculation 14 

are displayed. The two different theoretical approaches give essentially identical 
results. The energies do not agree as well as the P- V relations at the lower pressures 
(E ~ -62 K at 22.65 cm3/mole compared with an experimental result of -92 K). 
However, for all V < 13 cm3/mole our calculated energies agree very closely with 
KW and the Domb-Salter approximation of Pollock et al. 14 

To investigate the onset of classical behavior, the pressure was calculated at 
small volumes using Eq. (10), which is quite accurate for volumes V < 13 cm3/mole. 
The ratio of the second term in Eq. (10) to the total pressure gives the relative 
zero-point contribution to the pressure. The zero-point motion contributes less ! 
than 5 % to the total pressure for volumes less than 3 cm3/mole. A similar con-
dition obtains for the energy. Hence, below this volume the systems behavior is 
essentially classical. This regime corresponds to pressures above 1.5 x 107 atm. 

4. DISCUSSION 

This simple Heider- London calculation, being an expansion in powers of h, 
is well suited for investigating the high-pressure properties of hydrogen. It is 
clear that the system approaches classical behavior at high pressures, not only 
from the analysis of Eqs. (9) and (10), but also from the fact that the ratio of the 


